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Abstract. The influence of finite-rate heat transfer and regenerative losses on the
performance of a Stirling refrigerator using an ideal or Van der Waals gas as the
working substance is investigated. The cooling rate and the coefficient of
performance are derived. The optimal relation between the cooling rate and the
coefficient of performance is obtained. The maximum cooling rate and the
corresponding coefficient of performance are determined for different cases. The
problem of optimizing other parameters is also discussed. The results obtained
here will be useful for the further understanding and the selection of the optimal
operating conditions of a Stirling refrigerator.
1. Introduction
The Stirling refrigeration cycle is one of the important cycle
models in the research and manufacture of refrigerators.
It consists of two isothermal processes and two constant
generalized coordinate processes such as constant-volume
or isomagnetic processes [1]. The regeneration is one of
the important characteristics in the Stirling refrigerators.
For different working substances, the Stirling refrigeration
cycle will have different regenerative characteristics.
According to classical thermodynamics, the reversible
Stirling refrigeration cycle under the condition of perfect
regeneration [1–3] has the same coefficient of performance
as the reversible Carnot refrigeration cycle for the same
temperature range. The performance of such a Stirling
refrigeration cycle has been described in many textbooks.
When the Stirling refrigeration cycle does not possess
the condition of perfect regeneration, its coefficient of
performance is always smaller than that of the Carnot
refrigeration cycle for the same temperature range, so that
there are new performance characteristics, which need to
be investigated further, in the Stirling refrigeration cycle.
According to finite-time thermodynamics, no matter
which material the working substance is, the Stirling
refrigeration cycle does not, in general, possess the
condition of perfect regeneration due to the irreversibility
of finite-rate heat transfer. In the present paper we establish
a new cycle model of the Stirling refrigerator using an ideal
or Van der Waals gas as the working substance. Then, the
cycle model is used to investigate the general performance
characteristics of the Stirling refrigeration cycle affected
by finite-rate heat transfer. The results obtained here are
intrinsically different from those of the Carnot refrigeration
cycle [4–9] affected by finite-rate heat transfer.
2. The cycle model with regenerative losses
The working substance of a Stirling refrigeration cycle may
be a gas, a magnetic material and so on. When the working
substance is assumed to be an ideal gas, the schematic
diagram of a Stirling refrigeration cycle may be shown in
figure 1. Q1 and Q2 are the heats released to the heat
reservoir at temperatureTh and absorbed from the cold
space at temperatureTc by the working substance during
two isothermal processes. They may be, respectively,
expressed as
Q1 = nR0T1 ln(V2/V1) (1)
Q1 = nR0T2 ln(V2/V1) (2)
wheren is the mole number of the working substance,R0
is the universal gas constant,T1 andT2 are the temperatures
of the working substance in the high- and low-temperature
isothermal processes, andV1 and V2 are the volumes
of the working substance in the constant-volume cooling
and heating processes, respectively. When the working
substance is a Van der Waals gas [10], all the results
in this paper are true so long asV2/V1 is replaced by
(V2 − nb)/(V1 − nb), whereb is a constant in the equation
of state of Van der Waals gases.
There exist usually thermal resistances between the
working substance and the external heat reservoirs at
temperaturesTh andTc in a Stirling refrigeration cycle. In
order to obtain a certain cooling rate, the temperaturesT1
andT2 of the working substance in two isothermal processes
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Figure 1. A schematic diagram of a Stirling refrigeration
cycle.
must differ from those of the heat reservoirs so that the
two isothermal processes can be finished in a finite time.
When the influence of thermal resistances is considered, the
performance of the Stirling refrigeration cycle depends on
the heat transfer law. It is often assumed that heat transfer
obeys a Newtonian law [11–14]. ThenQ1 andQ2 may be
written as
Q1 = k1(T1 − Th)t1 (3)
Q2 = k2(Tc − T2)t2 (4)
where k1 and k2 are the thermal conductances between
the working substance and the heat reservoirs at
temperaturesTh and Tc, and t1 and t2 are the times of
the two isothermal processes at temperaturesT1 and T2,
respectively.
A more realistic model for a Stirling refrigeration
cycle must recognize that there also exists the influence of
irreversibility of finite-rate heat transfer in the regenerative
processes besides two isothermal processes. It is assumed
reasonably that the regenerative loss per cycle is determined
by
1Qr = nC(1 − η)(T1 − T2) (5)
where C is the heat capacity of the working substance
per mole in the regenerative processes andη ≤ 1 is the
efficiency of the regenerator in the Stirling refrigerator.
η = 1 corresponds to the case that the Stirling refrigerator
possesses the condition of perfect regeneration.
Owing to non-perfect regeneration, the heat1Qr must
be released to the heat reservoir at temperatureTc in one
regenerative process and absorbed from the heat reservoir
at temperatureTh in the other regenerative process by the
working substance. Thus the net heatsQh released to the
heat reservoir at temperatureTh andQc absorbed from the
cold space at temperatureTc by the working substance per
cycle are, respectively, given by
Qh = Q1 − 1Qr (6)
Qc = Q2 − 1Qr (7)
due to regenerative losses.
Owing to the influence of irreversibility of finite-
rate heat transfer, the regenerative processes need a non-
negligible time compared with the time of two isothermal
processes. In order to calculate the time of the regenerative
processes, it is assumed that the relation of the temperature
of the working substance varying with time in the
regenerative processes is [15]
dT/ dt = ±u (8)
whereu is a proportional constant which is independent of
temperature but dependent on the property of regenerative
materials, and the positive and negative signs correspond
to the constant-volume heating and cooling processes,
respectively. From equation (8), we obtain the times of
the two constant volume processes as
t3 = t4 = (T1 − T2)/u. (9)
From equations (1)–(4) and (9), one obtains the cyclic
period
t = t1 + t2 + 2t3 = nR0T1 ln(V2/V1)






The cycle model mentioned above includes not only
the influence of thermal resistances between the working
substance and the heat reservoirs but also the regenerative
losses of two regenerative processes. Although such a
cycle model is still an idealization, it is more realistic and
general than that adopted in [16]. It may be used to discuss
the influence of regenerative losses on the performance
of Stirling refrigerators. Hence the results derived here
will reveal the essential differences between the Stirling
refrigeration cycle and the Carnot refrigeration cycle.
3. The R–ε characteristics
From equations (1)–(7) and (10), we obtain the cooling




= (1 + a)T2 − aT1
T1
k1(T1 − Th) +
T2
k2(Tc − T2) + a1(T1 − T2)
(11)
ε = Qc
Qh − Qc =
Q2 − 1Qr
Q1 − Q2 =
T2
T1 − T2 − a (12)
respectively, wherea = C(1 − η)/[R0 ln(V2/V1)] and
a1 = 2/[nR0u ln(V2/V1)]. Substituting equation (12) into
equation (11) yields
R = ε
(1 + ε + a)(ε + a)
k1[(1 + ε + a)T2 − (ε + a)Th] +
ε + a
k2(Tc − T2) + a1
.
(13)
Our problem now is to find the maximum cooling rate.
We takeT2 as a variational parameter becauseTh and Tc
are often constants for a real refrigerator such as a family
refrigerator, in whichTh is the environmental temperature
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and Tc is the temperature of the cold space. Then using
equation (13) and the extremal condition
∂R/∂T2 = 0 (14)
we can find that, for a given coefficient of performance,
whenT2 satisfies the following equation:
T2 = (k1/k2)
1/2(ε + a)Th + (1 + ε + a)Tc
[1 + (k1/k2)1/2](1 + ε + a) (15)
the cooling rate attains its optimal value and is given by
R = KTcε[1 + ε + a − (ε + a)Th/Tc]
(ε+a)(1+ε+a)+a1KTc[1+ε+a−(ε+a)Th/Tc]
(16)
whereK = k1k2/(√k1 + √k2)2.
Equation (16) is a fundamental relation for discussing
the optimal performance of the Stirling refrigeration cycle.
Some significant results may be derived from it. For
example, whena = 0 anda1 = 0 [16], R is a monotonically
decreasing function ofε. This corresponds to the case that
both the regenerative losses and the time of the regenerative
processes are neglected. The performance of the Stirling
refrigeration derived from the special case is identical with
that of the endoreversible Carnot refrigeration cycle [6].
This shows that it would be impossible to obtain new
conclusions if the regenerative losses were not considered
in the investigation of the Stirling refrigeration cycle. In
the general case,η < 1 andt3 > 0, such that neithera nor
a1 is equal to zero. The cooling rateR is not a monotonic
function of ε. Whenε = 0 andε = εc or εc − a, R = 0,
where
εc = Tc/(Th − Tc) (17)
is the coefficient of performance of a reversible Carnot
refrigeration cycle. This implies that, whenε is equal to
some value,R has a maximum, because it is known that
there is a performance maximum in Carnot engines [17–20]
as well as in other thermo-acoustic cycles [21] operated in
finite-rate processes. Figure 2 gives theR–ε characteristic
curves for some different cases.
4. Maximum cooling rate
Using equation (16) and the extremal condition
∂R/∂ε = 0 (18)
one obtains the maximum cooling rate
Rmax = {KTc[(1 + a)(1 + B) − a(B1 + Th/Tc)]
×(B1 − BTh/Tc)}{(1 + B)(B1 + Th/Tc)
+a1KTc(B1 − BTh/Tc)[B1 − (1 + B) + Th/Tc]}−1
(19)
with the corresponding coefficient of performance
εm = (1 + B)Tc
Th − (1 + B − B1)Tc − a (20)
where B = a/(a1KTc) and B1 = [(1 + B)B(1 +
1/a)Th/Tc − BT 2h /T 2c ]1/2.
Figure 2. The R–ε characteristic curves of a Stirling
refrigeration cycle with regenerative losses. All the curves
I(a = 0, a1KTc = 0), II(a = 0, a1KTc = 0.2),
III(a = 0.2, a1KTc = 0) and IV(a = 0.2, a1KTc = 0.2) are
presented for Th/Tc = 1.5.
Like the maximum power output of Carnot engines [17]
affected by finite-rate heat transfer,Rmax is an important
parameter of the Stirling refrigeration cycle. It determines
an upper bound for the cooling rate of Stirling refrigerators
using an ideal or Van der Waals gas as the working
substance. The maximum cooling rate of the Stirling
refrigerator due to regenerative losses is always smaller
than that of the Carnot refrigerator [6].εm is another
important parameter of the Stirling refrigeration cycle. Like
the efficiency of a Carnot heat engine at maximum power
output [17–20],εm is a valuable acquisition to the further
understanding of the performance of Stirling refrigerators.
When u → ∞, this means that the time of
two regenerative processes is negligible although the
regenerative losses are considered. In such a case,
a1 = 0, a1B = a/(KTc) and a1B1 = [(1 +
1/a)Th/Tc]1/2a/(KTc). The maximum cooling rate
Rmax = K{(aTh)1/2 − [(1 + a)Tc]1/2}2 (21)
and the corresponding coefficient of performance [22]
εm = (aTc)
1/2
[(1 + a)Th]1/2 − (aTc)1/2 − a (22)
can be derived from equations (19) and (20). By the way,
equation (22) is also true for the case that the time of two
regenerative processes is directly proportional to that of two
isothermal processes.
It is seen from equation (22) that{[(1+1/a)Th/Tc]1/2−
1}−1 ≥ a should be satisfied, becauseεm cannot be
negative. This means thatTc ≥ aTh/(1 + a). This is to
say, the lowest bound ofTc is aTh/(1 + a) for a single-
stage Stirling refrigerator. In such a case,Rmax = 0
and the refrigerator loses its role. As an example, for a
real gas Stirling refrigerator with the following parameters:
C = 5 J g−1 K−1, ln(V2/V1) = 0.7, η = 0.99 and
Th = 300 K, one can find thata ≈ 0.036, the lowest
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temperatureTc = 10 K, and the corresponding maximum
cooling rateRmax = 0. No practical engineer wants to
design a refrigerator without producing a cooling rate.
Therefore, so far the low temperatureTc of a single-step
Stirling refrigerator has always been higher than 20 K.
The above results expound clearly this fact and provide
some new theoretical guidance for the optimal selection of
the low temperatureTc and other optimal conditions of a
Stirling refrigerator.
When η = 1, this means that the Stirling refrigerator
possesses the condition of perfect regeneration. In such
a case,a = 0, B = 0 andB1 = [Th/(a1K)]1/2/Tc. The
maximum cooling rate
Rmax = KTc
1 + 2(a1KTh)1/2 + a1K(Th − Tc) (23)











can be derived from equations (19) and (20). It
should be pointed out that when the temperature variance
of the working substance in the adiabatic processes
of the endoreversible Carnot refrigeration cycle satisfies
equation (8), equations (23) and (24) are also true for the
endoreversible Carnot refrigeration cycle. These results
show that there exist no essential differences between the
performance of the Stirling refrigeration cycle under the
condition of perfect regeneration and that of the Carnot
refrigeration cycle. This implies that only by considering
regenerative losses of the Stirling refrigeration cycle can
we obtain some new results which are more approximate
to the performance of real Stirling refrigerators.
When η = 1 and u → ∞, the Stirling refrigerator
possesses the condition of perfect regeneration and the time
of the two regenerative processes is negligible [16]. Such
a Stirling refrigeration cycle has the same performance
characteristics as the endoreversible Carnot cycle [6] in
which the time of the adiabatic processes is neglected. Its
maximum cooling rate is given by [6]
Rmax = KTc (25)
with the corresponding coefficient of performance
εm = 0. (26)
5. Optimization of other parameters
In order to make the Stirling refrigeration cycle operate
under the optimal conditions, the temperatures of the
working substance in two isothermal processes may not be
chosen arbitrarily. Using equations (12), (15) and (20),
one can find that when the Stirling refrigeration cycle
operates in the maximum cooling rate, the temperatures
of the working substance in the two isothermal processes
are, respectively, determined by
T1 = Th 1 + (k1/k2)
1/2(1 + B) + B1Tc/Th
[1 + (k1/k2)1/2](1 + B) (27)
T2 = Tc (k1/k2)
1/2(1 + B)Th + Th + B1Tc
[1 + (k1/k2)1/2](Th + B1Tc) (28)
Similarly, the times spent on two isothermal and two
regenerative processes may not be chosen arbitrarily. Using
equations (1)–(4), (9), (27) and (28), one can find that, when
the Stirling refrigeration cycle operates at the maximum
cooling rate, the times of the four process are, respectively,
allotted optimally by
t1 = nR0[1 + (k1/k2)




1/2(1 + B)Th + Th + B1Tc] ln(V2/V1)
(k1k2)1/2(B1Tc − BTh)
(30)
t3 = t4 = {[(k1/k2)1/2(1 + B)Th + Th + B1Tc]
×[Th − (1 + B − B1)Tc]}
{u[1 + (k1/k2)1/2](1 + B)(Th + B1Tc)}−1. (31)
To sum up, the new cycle model established in
this paper develops further the Carnot and Stirling cycle
models [5–9, 15, 16, 22] of refrigerators. It can be used
to investigate the optimal performance of the Stirling
refrigeration cycle and reveal the essential differences
between the Stirling refrigeration cycle and the Carnot
refrigeration cycle. The results obtain here will be useful
for the selection of the optimal mode of operation and the
design of real Stirling refrigerators.
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